5 Joint Probability Distributions

5.1 Joint Probability Distributions for Two Random Vari-
ables

Definition. Let X, Y be two random variables. With a ordered pair (X, Y), we
define a joint probability distribution function and denote

fxy(z, y).

In discrete case, we called joint probability mass function; In continuous case,
we called joint probability density function.

Property. Let X, Y be two random variables.

L. If fxy(z, y) is a joint probability mass function, then it satisfies the following
properties:

(1) fxy(z, y) >0

(2) DD fxvlz, y) =1

reX yeyY

(3) fxy(x, y)=PX=2,Y=y)=PX=z & Y=y)

2. If fxy(x, y) is a joint probability density function, then it satisfies the follow-
ing properties:

(1) fxy(z, y) >0forall z, y
(

) /Z /Z Fxv (@, y)dedy =1

2
(3) For any region R of two-dimensional space,

fxv(z, y)=P(X, Y)€R) = //RfXY(% y) dz dy.




Definition. (Marginal Density) Let X, Y be two random variables.

1. For discrete case, the marginal(#% %) density is defined as

(1) fx(x) =) fxv(z, y)

yey

(2) fr(y) = Z fxv(z, y)

zeX

2. For continuous case, the marginal density is defined as

(1) fxla) = / " fer(es y)dy

@) fyly) = / " Ferle, y)de

o0

Example. Suppose fxy(z, y) is a joint probability mass function with two random
variables X = {0, 1, 2} and Y = {0, 1, 2, 3}. It is as shown in the table below

X=x
0 1 2
0 0.15 0.1 0.05
1 0.02 0.1 0.05
2 0.02 0.03 0.2
3 0.01 0.02 0.25

Then the marginal probability distributions of X and Y are

X=x
0 1 2 fr(y)
0 0.15 0.1 0.05 0.3
1 0.02 0.1 0.05 | 0.17
2 0.02 0.03 0.2 | 0.25
3 0.01 0.02 0.25 | 0.28
fx(z) | 0.2 0.25 0.55 1




Example. Let fxy(x, y) be a joint probability density function and be defined as
fxy(z, y) = ke 0017002 f65r 0 < 2 < y < 00,

where k = 6 x 107%. The region with nonzero probability is shaded in below. Find
the P(Y > 2000).

(i) Region: 0 <z <00, 0 <y < o0

)
> T
0
(ii) Region:0 <z <y < oo
)
SY=2
> T
Sol. The region is shaded in below.
Y
y=x
P(Y > 2000)
2000
> T

0| 2000



So

P(Y > 2000) / / fxy(z,y) dedy
2000

/ / 1{36_0 .01z—0.02y dr dy

2000

— /{?/ 67002y |:/ e —0.01x d.’];| dy
2000 0
o0 00127V

= k;/ e 00% {—} dy
2000 _OO]_ 0

= k;/ e %920 100(1 — e %) dy
2

000

= 100/<J/ (6_0'029 — e_O'OSy) dy

2000
—0.02y  ,—0.03y b
= 100k hm
{ —0.02 0.03]2000
¢—0.02(2000)  ,—0.03(2000)
100k [(0 0) ( —0.02 —0.03 )]

100
= 100k (506—40 — Tf“)

Substitute k = 6 x 1079 :

1
P(Y >2000) =6 x 10* (506—40 — %e—ﬁ‘))

= 0.03¢74 — 0.02¢7%,



5.2 Conditional Probability Distributions and Independence
5.2.1 Independence

Definition. Let X and Y be two random variables. Then they are independent
if and only if

fxy (@, y) = fx (@) fy (y).
Remark. Recall math in high school, we know that

P(ANB)= P(A)P(B)
if both events A and B are independent.

Definition. Let X and Y be two random variables. Then the mean from a joint
distribution (X, Y) with a transformer function H (X, Y) of X and Y is defined as

= Z Z H(X,Y)fxy(z, y) (Discrete case)

zeX yeY

EH(X,Y)] = /oo /_00 H(X,Y)fxy(z, y)dxdy (Continuous case)

Example. Find Z Z rfxy(x, y).

zeX yeY

Sol.

SN afavla oy =Y a (foy 7, y))

zeX yeY reX yey

= afx(x)

rzeX

= B(X).

Example. Find/ / rfxy(z, y)dydx.

//xfxyxydydx—/ (/ fxyxy)dy>d

—/_ zfx(z)dx
_ B(X).

Sol.



5.2.2 Covariance and Correlation

Let’s review the variance in one variable.

So we have

E(X - Y)-EX)-E(Y)=E[(X—-EX))(Y —E(Y))], it is covariance(3 % % %().

Definition. The covariance between the random variables X and Y, denoted as
cov(X, Y) or oxy is

cov(X, Y) = E[(X — E(X))(Y — E(Y))] = E(XY) — E(X)E(Y).

Theorem. Let (X, Y) be a ordered pair random variables with joint probability
distribution function fxy(x, y). If X and Y are independent, then cov(X, Y) = 0.

Definition. (Correlation coefficient) The Pearson correlation coefficient( X f
A48 Bl 1A ) between random variables X and Y, denoted as pxy, is

COV(X, Y) . OxXYy

prv = VVar(X)Var(Y) — oxoy

For any two random variables X and Y,
—1<pxy <L

Theorem. The conditions for linearity between X and Y if and only if
Y =+ 5 X

Remark. Let pxy be the Pearson correlation coefficient between random variables
X and Y.

1. If pxy = 1, then we call it is perfect positive correlation and 5; > 0 for

Y =+ 5 X.
2. If pxy = —1, then we call it is perfect negative correlation and g; < 0 for
Y =5+ fiX.

3. If pxy =0, then we call it is no linear relationship.



Example. Consider Y = X?2.

N 2
? i T””X  Nonlwear
1 | | ! Since @T:O l)wr hve
L N !‘e]aﬁzﬁif, herce 10 ’MQO\V

re[o\ﬁonsqu " +)nfs ral]f ‘

Remark. If X and Y are independent, then pxy = 0.

5.2.3 Conditional Probability Distributions

Definition. Let (X, Y) be a ordered pair random variables with joint probability
distribution function fxy(z, y). Suppose fx(z) and fy(y) are marginal probability
distribution function for fxy (z, y).

(1) The conditional density for X given Y = y is defined as

Ixv(z, y)
fxp(r) = ———7==.
*1v(2) fr(y)
Recall math in high school, we know that
P(ANB)
P(AB) = ————=
(A1B) = —55

(2) The conditional density for Y given X = z is defined as

_ fxy(z,y)
fy\x(y) B fX(x>



Example. Suppose

far(e, ) = S, o=
XY = CT 62T (33/27)

where 27 <y < x < 33. Find
(a) fx(z)
(b) fv(y)
(c) fxpy(x)
(d) The probability that x > 32 given y = 30.
)

(e) The expected value of X given y = 30.

Sol. We don’t substitute ¢ into the function since it is too difficult to evaluate.

(a)
/ fxy(z, y)d

27 &

_ Y
ozl
= cx _ 27, where 27 < z < 33.
(b)
33
fr(y) = fxy(z, y)dx

Y

33
:/ de

y T
=¢(In33 —Iny)

=cln ﬁ, where 27 < y < 33.
Y

fxy (2, )
Fxw(z) = fy ()
_ c/x
¢(In33 —Iny)
1
z(In33 —Iny)

1
= — h < x < 33.
zIn(33/y) oY =TS
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33 1

PX>32y=30)=] —— 4
(X > 32ly = 30) /32 2(In33/30) "

_ { In |z| 133
In(33/30) | 4,

~ In33 —1n32

~ 1n(33/30)

_ In(33/32)

~ In(33/30)°

33
E(X|y=30)= /30 T fx|y=30(x) dx

33 1
= rC———————— dl‘
/30 2 1n(33/30)




5.3 Joint Probability Distributions for More Than Two Ran-
dom Variables

Definition. A joint probability density function for the continuous random

variables X, Xy, .., X, denoted as fx, x,...x, (1, 2, ..., T;), satisfies the following
properties:
(1) fX1X2---Xp<x17 T, ..., .CEp) 2 O

(2)/ / / Ixix00x, (1, T2y <., Tp) doy day <. dwy, =1

(3) For any region B of p-dimensional space,
P((xy, xg, ..., x,) € B) :// Ixixoex, (1, T2y oo, xp)dy L day,
B

Definition. The marginal density of X; for joint probability density function

fX1X2.A.Xp({L‘1, Loy vy (I}p)

is defined as

fx,(z1) = /"'/p Ixixoex, (1, T2y oo, Tp) doadas .. dy,
U
k=2

Definition. From above definition, we can define mean and variance that is

E(Xl) = / . /O ZEle1X2...Xp(I1, Loy vy ZL’p> dl‘g dl‘g e d[[‘p
Xk
k=2

= /_OO x1fx, (z1) dzy

and
o

Var(Xl) = / [32'1 — E(Xl)]2fX1 (Sl?l) dil?l.
Remark. Conditional probability distributions can be developed for multiple
random variables by an extension of the ideas used for two random variables. for
example, the joint conditional probability distribution of X, Xs and X3 given X, =
r4 and X5 = x5 is

Ixixaxsxux5 (X1, T2, T3, Ty, X5
fX1X2X3\$4335($17 T, 1'3): 1222324 5( ’ ) ) s )
fX4X5($47 ZE5)

for fX4X5(£L'4, .’113'5) > 0.

10



Example. Suppose that the random variables X, Y and Z have joint probability
density function

fXYZ('Tu Y, Z) =cC
over the cylinder 22 + 9% <4 and 0 < z < 4.

(1) Determine the constant ¢ so that fxyz(z, y, z) is a probability distribution
function.

2+Y?2<2)
Find P(Z < 2)

(2) (X
(3) (
(4) Find E(X)
(5) Find P(X < 1]Y = 1)

(6) Find P(X?2+Y?2 < 1]Y =1)
(7)

Find the conditional probability distribution of Z given that X =1l and Y = 1.

(1) We want to find ¢ such that /// cdrdydz = 1.
T

Since we know that it is over the cylinder 22 + 3> < 4 and 0 < z < 4.
Let T = {(z, y, 2) | #* + y* < 4, 0 < 2 < 4}. This implies

///Tcdxdydz:c///Tldxdydz
-

—ex B2 x4xT
=l6rxc=1

Hence ¢ = —.

167
(2) Let T = {(x, 9, 2) |0 < 2 <4, —V2<y <2 —/2—y2<z<+2—9}

P(X?+Y?*<2)= ///cdxdydz

T
4 V2 pa/2—y2

:c/ / / ldx dydz
0 J—v2J—y/2—y2
4 V2

:c/ dz/ 24/2 —y2dy
0 —V2

V2

=8¢ V2 —y?dy



Piz<=c|[[[ avxg-3

(4) Let T={(z,y,2)|0<2<4, —vVi—2?<y<Vd—2a? -2<z<2}.
E(X):/ £ fx () di

[ U/4JW4M

:40/ T 2vV4 — 2?2 dx
)
2
:80/ V4 — 2 dx
)

0
=0.

= 8¢ [_—1u3/2
3 0

(5) Let R={(z, 2)|0< 2 <4, —\/4—y?> <z <+\/4—9y>}.

Compute

c
fYy—1

/// cdx dz
:ﬁ[é;wq
zlygwq

1

BEYE

Since it is given Y = 1, we have

Ixz1y= 1(z, 2) =

-1

y=1

P H1<4 = —V3<z<V3

Suppose Q = {(z, 2)| —V3 <z <1,0<z<4}.
And thus

P(X <1)Y =1) / Ixzy=1(z, 2)dxdz

//fvdm

1+v3 143
83  2V3

=4 x
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(6) Given 2?4+ y* < 1and Y = 1, we obtain 2> + 1 < 1 <= z? < 0. Since there
is no real number x satisfying this inequality, the probability is 0. Hence

P(X?+Y?< 1Y =1)=0.

(7) Compute

C

1
—ny<I:1,y:1) 4

PZ‘:E:L y=1 (Z)

13



5.4 Common Joint Distributions
5.4.1 Multinomial Probability Distribution

Remark. Recall binomial distribution, let X be the number of trials that result in
asuccess =0, 1, ..., n,n=1,2,3, ... with the parameter p € (0, 1). Then

)= (M) -y

T

Definition. Suppose that a random experiment consists of a series of n trials.
Assume that

(1) The result of each trial is classified into one of k classes.

(2) The probability of a trial generating a result in class 1, class 2,-*, class k is
p1, D2, - - -, P, respectively, and these probabilities are constant over the trials.

(3) The trials are independent.

The random variables X7, X5, ..., X hat denote the number of trials that result
in class 1, class 2,"**, class k, respectively, have a multinomial distribution(% 8
2-77) and the joint probability mass function is

n!

P(X1=$17X2:962, ---an:xk): __xk,pflp?mpi’“

.Tl!.TQ!'
fora:1+:1:2+--~+xk:nandp1+p2+---+pk:1.

Theorem. If X, X5, ..., X; have a multinomial distribution, the marginal prob-
ability distribution of X; is binomial with

E(Xz) = np;

and
V(X;) = npi(1 — py).

5.4.2 Bivariate Normal Probability Density Function

Remark. Recall normal distribution, we know

. (= p)?

f@)=——e 207

2ro

where —o0 < 2 < 0.

14



Definition. The probability density function of a bivariate normal distribu-
tion(=# HH ) is

1
Ixy(z, y,) = e
( ) 2roxoyy/1 — p?
for ) )
we L (¢ = nx)® _ 2p(e = px)(y = py) (Y= by
2(1 = p?) o3 oxOy o2 ’
where
—0 < < 00, —00 < Y < 00,
ox >0, —00 < ux < 090,
oy >0, —00 < py < 00,
-l1<p<l

Theorem. Suppose X and Y are bivariate normal distribution. If p = 0, then X
and Y are independent.

In other view, we can use a matrix to define bivariate normal distribution and
even more generalizing.

Definition. The probability density function of a multivariate normal distribution

is
1

L (gt )
Gl

for ¥ is a covariance matrix of Xy, ..., Xj.

fX(-Tla ceey l'k) =
Remark. In bivariate case, it is defined

= Hx ¥ — 03( pPOx0Oy
py )’ poxoy oy )’

15



5.5 Linear Function of Random Variables

Definition. Suppose X, Xs, ..., X, are random variables and ¢1, ca, ..., ¢, € R.
Then the linear combination

Y =cXi+eXo+ - +c,X,
is a linear function of X, Xo, ..., X,.
Remark. If Y = ¢; X 4+ co Xy + -+ - + ¢, X, then
(1) E(Y) =aE(X1) + B(X2) + - + 6 E(X))
(2)
Var(Y) =ciVar(X,) + caVar(Xy) +--- + ciVar(Xp)

+ 2 Z Z CiCjCOV<Xi, X])

i<j

Theorem. If X;, X5, ..., X, are independent such that cov(X;, X;) = 0 for i # j,
then
Var(Y) = ciVar(X,) + caVar(Xy) + -+ + cﬁVar(Xp).

X1+ X X
Remark. Let X = = tAat Ay be the average of random variable.

p

- 1
(1) E(X) = 2_9E (X1 + Xo+ -+ X,), if X; are independent and E(X;) = p, we

obtain E(X) = p.

(2) Suppose X; are independent and Var(X;) = o2, then

Var(X) =

@|Qw

>

Proof. (1) Suppose X; are independent and E(X;) = u, thus

— 1
B(X) = SB(Xi+ Xp b o5 X,)

p

= EZE(X,{)

p k=1

16



5.6 General Functions of Random Variables

Let y = f(z), we can define a transformation from X to Y.

Definition. Suppose that X is a discrete random variable with probability distri-
bution fx(z). Let Y = h(X) define a one-to-one transformation between the values
of X and Y so that the equation y = h(x) can be solved uniquely for z in terms of
y. Then the probability mass function of the random variable Y is

fr(y) = fx[u(y)].

Example. Let X be a geometric random variable with pmf

fx(@)=pl—p)Hao=12 ...
Find the pmf of Y = X?2.
Sol. Let fy(y) = P(Y =y), since Y = X2, it implies X = /Y. Thus

P(Y = y) = P(X = Vj).

Because P(X =z) = fx(z) =p(1 —p)* Y, 2 =1,2, ..., we have

P(Y =y)=P(X = /y) =p(1 —p)V'" ' = fy(y).

Hence
fr(y) =p(l —p)V¥ 1 y=1%2% 3% ...

Suppose that X is a continuous random variable with probability distribution
fx(z). Let Y = ¢g(X) be a random variable and g(z) is strictly monotonic and
differentiable. Since Fy (y) = fy(y), it is clear that Fy(y) = P(Y < y). Therefore,
because Y = ¢g(X) and g~ (V) exists, assume ¢! is decreasing, we obtain P(Y <
y) = P(g(x) < y). Then




Theorem. Given X is a continuous random variable with probability distribution

fx(z). Let Y = ¢g(X) be a random variable and g(z) is strictly monotonic and
differentiable. Then )
dg~ (y)‘

) = feta™ )|

Remark. In continuous, fx(r) # P(X = z). (F— &, RFLE Y cdf F= pdf 89
AF )

Example. Let X be uniformly distributed RV over (0, 4). Let Y = g(X) = (X—3)%
Find the pdf of Y.

Sol. Consider:
(1) Y = (X =3)*=g(X)

lejr
1:0<A <3
I:3<X<¢

(2) Since it is uniform, we have

X N \)Mi]q)vm (0/4)

/N

! '/////////i

Hence

otherwise

1
-, O<zx<4
fX(l'){al

18



(I) For0< X <3,V =(X -3 = Y =g(X)

+VY =X -3 &= X =3+VY
— X =3-VY =g4Y).

(II) For 3 < X < 4, it is
X =3+VY =g (V).

Using

Fr@) = W) ‘dgd—y(y)‘ |

we have

(I) For 0 < X <3,

o (@) = fx(3— VT) '%(3 - ﬁ)'

1‘ 1
4 WY

,0<y <9.

(II) For 3 < X < 4,

Hence

fvi (), 1<y<9
O<y<l1
B 1 ) Yy
—, 1I<y<?9
3 Yy
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5.7 General Functions of Bivariate Random Variables

Let X and Y be random variables, and defined transformation

V=hnX,Y).
Then the inverse transformation is

X =h(U, V)

Y = ho(U, V).

Given fxy(z, y), then we define

Jov(u, v) = fxy(hi, he)|J|

Jxr Ox
—|Qu Qu i ‘
where J % % # 0 is a Jacobian.
ou Ov
Example. Consider the following transformation
T {u =3r+ 2y
v=x—1y
(a) Is the transformation invertible? If yes, find 7.
(b) Find the Jacobian for 7.

Sol. (a) Compute T, we have

U+ 2v

-1 .
T u— 3v

(b) Compute

o

I

N

S

I
U] O =

|

|

Cﬂ|wo1ll\3
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Example. Let X and Y be independent uniformly distributed random variables
over the intervals (0, 2) and (0, 3), respectively. Let U = XY and V =Y, i.e.

T:{u:my
v=1y

(a) Find fx(2), fr(y) and fxv(z, y).
(b) Find Jacobian.
(¢) Find fyv(u, v)

Sol. (a) Since X ~ uniform(0, 2) and Y ~ uniform(0, 3), therefore

O<x<?2

fx(z) =
fr(y) =

Y

0<y<3.

)

Wl | —

Since X and Y are independent, then

1
ny(x,y):6,0<x<2,O<y<3.

(b)

_ LU

T:{u—rﬁy :>T_1:{ v
v=1y

y=v
Compute
Or Ox 1 —u
a2 . B 1
= U V| = 2 | = —
J % % ‘8 Q?l o’ O<v<3
ou Ov

(c) By the formula fyy(u, v) = fxy(h1, ha)|J|, hence
1

(%

Fov(u, v) = % -

1
=—, 0<u<20,0<v<3

()

I<r<?2 <— O<E<2
v
— O<u<w

— (0<g<v<3).
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